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A Type I Hybrid ARQ System With Adaptive Code Rates 
Robert H. Deng, Member, IEEE and Michael L. Lin, Student Member, IEEE 
Abstract - Type I hybrid ARQ systems use an error-control 
code of fixed rate for error-correction in each transmitted 
packet. In such systems, the code rate must be carefully chosen 
to match the channel bit error rate (BER) in order to maximize 
system throughput. Whenever there is a mismatch between 
code rate and channel BER, the throughput suffers. In this 
paper, we proposed a type I hybrid ARQ system which 
automatically adjusts its code rates to match channel BERs. 
The proposed system is very simple to implement and yet 
performs significantly better than type I hybrid ARQ systems of 
fixed code rate. 
I. INTRODUCTION 
Automatic-repeat-request (ARQ) systems can be classified 
into pure ARQ systems and hybrid ARQ systems according to 
the underlying coding schemes being employed [ l ,  21. The 
pure ARQ systems use a high rate block code for error- 
detection. Such systems are simple to implement and offers 
high reliability. However, in situations where the packet 
lengths are relatively large, and where the channel bit error 
rates (BERs) are high, error-detection only results in a low 
throughput due to the large number of retransmissions 
required. The hybrid ARQ systems combine the features of 
forward-error-correction (FEC) systems and the pure ARQ 
systems. There are two major types of hybrid ARQ systems 
[ l ,  21. The type I hybrid ARQ system includes parity bits for 
both error-correction and error-detection in each transmitted 
packet. In the type I1 hybrid ARQ system, parity bits for 
error-detection are sent on the first transmission. If errors are 
detected in the first transmitted packet, parity bits for error- 
correction are sent which together with the first transmitted 
packet form a code word of a rate 1/2 error-correction code. 
More recently, several generalizations of the type I1 hybrid 
ARQ system have been proposed and analyzed [see, for 
examples, 3 -51. 
In the type I hybrid ARQ systems, the code rate of the 
error-correction code must be carehlly chosen to match the 
channel BER in order to maximize the system throughput; 
hence, such systems are best suited for channels whose 
characteristics are known a priori to be fairly constant. 
Whenever there is a mismatch between the code rate and the 
channel BER, the throughput suffers. Therefore, it is highly 
desirable to design a system which can dynamically match its 
code rate to the channel error rates. An adaptive hybrid ARQ 
scheme using multiple shortened cyclic codes was proposed 
in [6]. The scheme operates in one of several possible states 
based on the channel BER. When the channel BER increases, 
the scheme generates additional parity bits for error 
correction. Generalizations to the scheme in [6] using various 
types of codes and coding schemes ware reported in [7-lo]. 
Adaptive FEC and ARQ schemes for finite state Markov 
channel models, employing either block or convolutional 
codes, were studied in [ l l ,  121, while adaptive rate 
convolutional coding schemes using diversity or code 
combining were investigated in [13, 141. 
In this paper, we propose an adaptive type I hybrid ARQ 
system using punctured convolutional codes [15]. The 
proposed system estimates the channel BER in real time, and 
based on this channel state information, selects the best code 
rate to use in order to achieve the maximum throughput. This 
work was mainly motivated by [16] where a pure ARQ 
system with adaptive block size was studied. In Section 2, we 
present the proposed system. A simple method for estimating 
the channel BER together with some computer simulation 
results are given in Section 3. Section 4 contains our 
concluding remarks. 
11. DESCRIPTION OF THE SYSTEM 
Consider a type I hybrid ARQ system using two codes C1 
and C2.' The code C1 is a high rate (n, k) block code used for 
error-detection, and the code C2 is a rate R = (b-l)/b, b > 1, 
punctured convolutional code of memory order v [15] used 
for error-correction with Viterbi decoding. Without loss of 
generality, we assume that the code C2 is derived from the 
best known rate 1/2 code of the same memory order. When a 
k-bit message is ready for transmission, it is first encoded 
into an n-bit code word in C1. The n-bit code word is then 
encoded into an 
N = (n f v)LR (1) 
bits packet by the encoder of C2. The N-bit packet is sent 
over a channel with BER E. 
When a packet is received at the receiver, it is first 
decoded by the Viterbi decoder of C2 for error-correction and 
then decoded by the decoder of C1 for error-detection. Let Pc 
and Pu denote the probability of error-free decoding and the 
probability of undetected errors, respectively. The probability 
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delivered to the user is then 
With appropriate Selection of the error-detection code c1,  the 
probability of undetected error Pu can be assumed to be 
P = Pc + Pu (2) 
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1 
negligible and P = Pc. The probability of error-free decoding 
Pc may be lower bounded as 
(3 1 
where P(E) is the probability of an error event of Viterbi 
decoding, which is given by [ 11 
Pc 2 (1 - P @ y  
P ( W 5  5 a,p(d) (4) 
d-d, 
where dfiee and are the free distance and the weight 
spectra, of the code C2, respectively, and where p(d) is given 
Crossover Points Code Rates 
2 . 3 ~  lom2 112 
(5) 
The throughput of the type I hybrid ARQ system with 
selective-repeat protocol, defined as the average number of 
information bits per transmitted channel bits, is given by [ l ,  
21 
2 1  8 . 9 ~ 1 0 ~ ~  
q = k p  w kp, 
N N  
213 
Using (3) - (6), a set of throughput curves of the type I 
hybrid ARQ system are evaluated and plotted in Figure 1 as 
functions of the channel BER and the code rate of C2. In 
Figure 1, the error-detection code C1 has 16 parity-check bits 
and the code C2 are the punctured convolutional codes 
produced from the rate 112 convolutional code of memory 
order v = 6 [15]. The code rate R of C2 varies from 112 to 718 
while the packet length is fixed at N = 420 bits. 
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Fig. 1 Throughput curves of a family of type-I hybrid ARQ schemes using 
punctured convolutional codes of memory order v = 6 .  
1 . 6 ~ 1 0 ’ ~  516 
From Figure 1 we observe that as the channel BER 
increases the throughput decreases for systems with fixed R. 
However, throughput can be improved considerably by 
switching to the next system with lower rate R at clearly 
defined crossover points. For any two adjacent crossover 
6 
7 
points, there exists a code rate which provides the maximum 
throughput among the various code rates. Such a code rate 
represents the best match to the channel BERs specified by 
the two crossover points. The overall maximum achievable 
throughput is then the envelope of the curves in Figure 1, as 
depicted in Figure 2. Our objective here is to design a type I 
hybrid ARQ system with adaptive code rates to follow the 
envelope of such a set of curves. Follow the approach of [ 161, 
we do this by supplying a look-up table with several rows, 
one for each crossover point, and two columns, one with BER 
of the crossover point and the other with the best code rate R 
to use after that point. The look-up table for the curves of 
Figure 1 is shown in Table 1. 
9 . 0 ~ 1 0 ’ ~  617 
1 .oX10-4 718 
Fig. 2 
I o ’ ~  1 o.* 10” 
Bit Error Probability p 
Comparison of theoretical throughput and simulated throughput for the 
proposed ARQ scheme using punctured convolutional codes of 
memory order v = 6. 
TABLE 1 
Channel BER Crossover Points and Code Rates 
The operation of the proposed ARQ system may be 
simply described as follows: upon decoding of each received 
packet, the system estimates the channel BER based on a 
certain algorithm. If the estimated BER in the channel is 
between entry i and i + 1, the code rate R of entry i + 1 is 
used. 
Therefore, the key to the success of the proposed system is 
the development of a fast and accurate algorithm for 
estimating the channel BER. 
. 
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111. A SIMPLE CHANNEL BER ESTIMATION 
ALGORITHM AND RESULTS OF COMPUTER 
SIMULATION 
Adaptive ARQ schemes rely on a certain algorithm to 
estimate the channel conditions and then to adjust the coding 
parameters accordingly. The most common approach to 
channel BER estimation is based on the number of packets 
received in error [6-13, 161. However, the convergence rate 
of this approach is relatively slow. It sometimes requires the 
transmission of tens or even more than one hundred packets 
to bring the system to the optimal operating point [16]. 
Recently, two new algorithms for channel state estimation 
have been proposed, one based on side information generated 
by the soft-decision Viterbi decoder [14] and the other based 
on the scoring of the outcome of the decoding process (i.e., 
whether a packet is accepted or rejected) [17]. We present 
here a new channel BER estimation algorithm for systems 
using a hard-decision Viterbi decoder. The new algorithm is 
simple to implement and converges very fast to the true 
channel BER. As will be demonstrated later in this section, 
our algorithm requires only a few packet transmissions to 
bring the system to the optimal code rate. 
Let X be an N-bit packet which is transmitted over a BSC 
with BER E, and let Y be the corresponding received packet. 
Assume that the number of bit errors in Y is d. Then the 
Hamming distance between X and Y is also d. We further 
assume that the received packet is decoded error-free by the 
Viterbi decoder. This occurs with probability Pc (see eqn.(3)). 
Since the Viterbi decoder is a minimum Hamming distance 
decoder [l], the metric m of the final surviving path of the 
Viterbi decoding is also d, the number of bit errors in the 
received packet Y. Therefore, the BER can be simply 
estimated as m/N. I fY is decoded in error, which occurs with 
probability 1 - Pc, the metric m of the final surviving path 
will deviate from d, but the deviation is likely to be small and 
the estimate m/N is still valid (as will be shown by computer 
simulations). Motivated by the above observation, we arrive 
at the following algorithm for estimating the channel BER. 
The algorithm: Upon decoding of the Jth received packet, 
the receiver updates a counter M(J -1) that has been obtained 
in the decoding of the (J -1)th received packet, i.e., 
M(J) = M(J-1) + mJ (7) 
and computes the BER estimate from 
M(J) 
E e s ( 0  = JN 
where M(0) = 0 and m j  is the metric of the final surviving 
path in the Viterbi decoding of the Jth received packet. This 
algorithm requires only one addition and one division 
operation. 
Performance analysis of the algorithm seems a difficult 
problem. Therefore, computer simulation was used to test the 
validity of the algorithm as well as the effectiveness of the 
adaptive ARQ system. In the simulation, channel bit errors 
are generated with probability E which we call the nominal 
BER. The estimated BER E,(J) is computed using eqn. (8). 
For the purposed of comparison, the real BER -(J) is also 
computed and shown. w(J) is computed using eqn. (8) 
except that the actual number of channel bit errors is used in 
the numerator. In each simulation run, the program is 
supplied with a nominal channel BER E. Without knowing 
this E, the ARQ system starts operating at an arbitrarily 
chosen code rate, The receiver estimates the BER upon the 
decoding of each received packet according to the above 
algorithm, and consults Table 1 to look for the appropriate 
code rate to use. The simulated throughput is plotted in 
Figure 2. As shown in the figure, the throughput obtained by 
computer simulation agree very well with the theoretical 
throughput at low channel BERs and exceeds the theoretical 
throughput at high channel BE&. This is due to the upper 
bound on the probability of error event of Viterbi decoding 
given in (4), which tends to become looser as channel BER 
increases. 
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Fig. 3 Results of a simulation run with nominal BER E = 4x10.' and starting 
code rate R = 7/8. 
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Fig. 4 Results of a simulation run with nominal BER E = 6x104 and starting 
code rate R = 1/2. 
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To demonstrate the accuracy and the convergence 
property of the channel BER estimation algorithm, results of 
two typical simulation runs are depicted in Figures 3 and 4, 
respectively. In each figure, the real BER E,.&) and the 
estimated BER E& are plotted as functions of the number of 
transmitted packets J. In Figure 3, E is set at 4 ~ 1 0 ' ~ .  From 
Table 1 or Figure 1, the best code rate to use for this nominal 
BER should be 1/2. However, the system starts with a very 
high rate R = 7/8. As indicated in Figure 3, upon the 
decoding of the first received packet, the estimated BER is 
~ ~ ( 1 )  is 1 . 9 0 ~ 1 0 ' ~  while the real BER ~d(l) is 2 . 8 6 ~ 1 0 ' ~ .  
Using Table 1, the system now switches to code rate R = 213. 
Upon the decoding of the second received packet, the 
estimated BER ~ ~ ( 2 )  is 3 . 9 3 ~ 1 0 ' ~  and the real BER ~ d ( 2 )  is 
4 . 6 4 ~ 1 0 ' ~ .  From this point onward, the system operates with 
the optimal code rate R = 1/2. Therefore, it only takes two 
steps for the system to converge to the optimal code rate and 
for the estimated BER to converge to the nominal BER. 
In Figure 4, the nominal BER is assumed to be ~ = 6 x 1 0 - ~ .  
From Table 1 or Figure 1, the best code rate to use for this 
BER is 7/8; however, the system is initially set to operate at 
code rate R = 1/2. The system then switches to code rates 4/5 
and 6/7 at the second and the third packet transmissions, and 
converges to the optimal rate 7/8 starting from the fourth 
packet transmission. The estimated BER converges to the 
nominal BER at a slower rate than the code rate. Finally, we 
note that the real BER and the estimated BER are identical in 
this case. This is because that all the packets were decoded 
error-free during this simulation run. 
Note that in Fig. 3, with E = 4 ~ 1 0 - ~ ,  the probabilities of 
error-free decoding are 0 for the R = 7/8 and 2/3 codes (this 
can be seen from Fig. 1 where the corresponding throughputs 
are 0 at E = 4 ~ 1 0 ' ~ ) .  However, the BER estimation algorithm 
is still able to give a reasonable estimate of BER. This fact 
together with the rate adaptive nature of the ARQ scheme 
brings the system to optimal rate in a very short time. Note 
also that in Fig. 4, with E = 6 ~ 1 0 ' ~ ,  the probabilities of error- 
free decoding for all the codes used in the system are almost 
1; however, it takes a longer time for the system to converge 
to the optimal code rate. This is because at low BER, enough 
packets need to be accumulated to generate an accurate BER 
estimation. The above observation shows the system 
convergence rate is mainly determined by the channel BER; 
while the effect of starting code rate on system convergence 
rate is only secondary. Simulations using punctured 
convolutional codes of memory orders 4 and 5 also confirmed 
the above observation. 
In practical applications, the BER estimation algorithm 
needs to be modified to take into account the possibility of 
slowly varying channel BER. That is, the accumulated metric 
value M(J) in (7) should be calculated such that the influence 
of the most recent errors is the largest. One possible approach 
is to restart the algorithm periodically with a fixed period T. 
Another approach is to update M(J) using a sliding window 
of size W, i. e., only the W most recent decoding metrics are 
used in (7). The values of T and W should be selected large 
enough so that the system will converge to the optimal code 
rate. For the example system considered above, using Fig. 3 
and Fig. 4, we see that W should be at lease 3 packets, or 
3x420 bits if the Viterbi decoder works on a data stream 
rather than on blocks of size N = 420 bits. We stress that the 
adaptive system works effectively only if the channel varies 
slowly compared with T and W; since this gives the system 
sufficient time to response the change in the channel BER. 
IV. CONCLUSIONS 
We have proposed a type I hybrid ARQ system which 
automatically selects the best code rate to use for a given 
channel BER. A real time channel BER estimation algorithm 
was also presented, The effectiveness of the proposed system 
and the validity of the algorithm were studied and verified 
via computer simulations. 
The proposed system is attractive for its simplicity in 
operation and its remarkable improvement in system 
throughput: 1) it uses a family of punctured convolutional 
codes derived from a low rate mother convolutional code. 
These codes have the same trellis structure as the mother 
code, so that they can all be decoded by a single Viterbi 
decoder [15]; 2) the operational overhead introduced by the 
BER estimation algorithm is negligible. It requires only one 
addition and one division operation to implement. 
The system proposed here uses hard-decision Viterbi 
decoding. It can also be implemented with soft-decision 
Viterbi decoding. In this case, the code rate should be 
adjusted to match the channel signal-to-noise ratio instead of 
channel BER. The channel signal-to-noise ratio can be 
estimated by using the algorithm proposed in [14]. We have 
conducted simulation of the adaptive system with soft- 
decision Viterbi decoding assuming additive white Gaussian 
noise (AWGN) channel and BPSK with coherent 
demodulation (the result of the simulation is not depicted 
here in order to keep the paper compact). The simulation 
showed that the system using soft-decision decoding can 
achieve a coding gain of about 3 dB at high throughput and 
about 4.5 dB at low throughput over the system using hard- 
decision decoding. However, the system with hard-decision 
decoding is much easier to implement, and it is best suited to 
low cost or extremely high data rate systems. 
Finally, we remark that the throughput performance of 
the proposed system can be improved further by varying the 
packet size as a function of both the code rate and the 
channel BER; however, the unequal packet sizes may 
introduce additional complexity in word synchronization in 
some communication systems. In these situations, more 
overhead control bits will be required. 
REFERENCES 
[l] S. Lin and D. J. Costello, Jr., Error Control Coding: Fundamentals and 
Applications, Englewood Cliffs, NJ: Prentice-Hall, 1983. 
IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 43, NO. 2/3/4, FEBRUARY/MARCH/APRIL 1995 
S. Lin, D. J. Costello, Jr., and M. J. Miller, "Automatic-repeat request 
error-control schemes," IEEE Commun. Mag., Vol. 22, pp. 5-16, Dec. 
1984. 
J. Hagenauer, "Rate-compatible punctured convolutional (RCPC) codes 
and their applications," IEEE Trans. Commun., vol. COM-36, pp. 389- 
400, April 1988. 
S. Kallel and D. Haccoun, "Sequential decoding with ARQ and code 
combining: a robust FECIARQ system," IEEE Trans. Commun., vol. 
R. H. Den& "Hybrid ARQ schemes employing coded modulation and 
sequence combining" to appear in IEEE Trans. Commun. 
K. Wu, S. Lin and M. Miller, "A hybrid ARQ scheme using multiple 
shortened cyclic codes," Proc. of IEEE Globecom, pp. C8.61-C8.65, 
1982. 
A Fukasawa, T. Sato, T. Yoshida and M. Kawabe, "Adaptive error 
control scheme for high speed data transmission through a fading 
channe1,"Proc. of36th IEEE Veh. Technol. Con$, pp. 256-261, 1986. 
S. Wicker, "Hybrid-ARQ Reed-Solomon coding in an adaptive rate 
system,"Proc. of ICC,pp. 45.5.1-45.5.5, June 1989. 
M. Rice and S. Wicker, "Adaptive error control based on type-I hybrid- 
ARQ protocols," Proc. of the International Telecom. Symposium, pp. 
A Shiozaki, K. Okuno, K. Suzuki and T. Segawa, "A hybrid ARQ 
scheme with adaptive forward error correction for satellite 
communications," IEEE Trans. Commun., vol. COM-39, pp. 482-484, 
April 1991. 
B. Vucetic, D. Drajic and D. Perisic, "Algorithm for adaptive error 
control system synthesis," IEE Proc., Vol. 135, Part F, pp. 85-94, Feb. 
1988. 
B. Vucetic, "An adaptive coding scheme for time-varying channels," 
IEEE Trans. Commun., vol. COM-39, pp. 653-663, May 1991. 
S. B. Wicker, "An adaptive type-I hybrid-ARQ technique using the 
Viterbi decoding algorithm," Proc. ofMilcom, PP. 307-31 1, 1988. 
B. Harvey, "Adaptive rate convolutional coding using the Viterbi 
decoder," PhD thesis, Georgia Institute of Technology, 199 1. 
D. Haccoun and G. Begin, "High-rate punctured convolutional codes for 
Viterbi and sequential decoding," IEEE Trans. Commun., vol. COM-37, 
J. Amaldo, C. Martins, and J. D. C. Alves, "ARQ protocols with adaptive 
block size perform better over a wide range of bit error rates,'' IEEE 
Trans. Commun., vol. COM-38, pp. 737-739, June 1990. 
S. B. Wicker and M. Rice, "A sequential testing scheme for adaptive 
error control on slowly varying channels," Proc. of the 1991 
Internatronal Symposium on Information Theory, pp. 30, 1991. 
COM-36, pp. 773-780, July 1988. 
8.5.1-8.5.5, 1990. 
pp. 11 13-1 125, NOV. 1989. 
131 
